Math 236 – Elementary Abstract Algebra


Review for Test 1





Test 1 will consist in 4 problems and 2-3 theoretical questions (one for extra credit). 


Review the theory for each section, including the proofs for the theorems listed, and homework problems.





1.1 Logic and proof


- Statements and non-statements; logic operations, truth tables; equivalence


- Converse, contrapositive, negation;


- Quantifiers, negating predicates


- Structure of theorems (hypothesis, conclusion, proof); 


- Types of proofs: direct, indirect (contrapositive, by contradiction)





1.2 Sets


- What is a set? (x(S true or false), operations with sets (union, intersection, difference, Cartesian product); - Graphical representation (Venn diagrams)


- Properties of operations: distributivity;


- Families and collections of sets (Ex. partitions)





1.3 Real and complex numbers


- Binary operations; R and C; closure relative + and x; order; subsets of reals


- Rules for +,x on R and C: commutativity, associativity, distributivity; zero and unit; opposite and inverse;





1.4 Functions


- Def. domain, codomain, graph, image; 1:1, onto, Prop.: linear functions (a(0) are 1:1 and onto pf.


- Vertical line test (2 conditions); when is a subset of the Cartesian product a graph?





1.5 Algebra of functions


- Composition of functions; properties: associative, not commutative in general;


- Identity function; inverse function; Theorems: f invertible iff bijective iff fg=id, gf=id.


- Permutations of a set F*(S) theorem: composition is a bin. op; unit; all elements are invertible;





1.6 Relations


- Relations: def. and properties: trichotomy, reflexive, symmetric, transitive;


- Equivalence relations, equivalence classes, partitions and the correspondence.





1.7 Matrices and polynomials: def., operations (+,x) and properties





2.1 Divisibility: 


- Def. of relation of divisibility; properties; division algorithm theorem (there is a quotient and reminder)


- g.c.d and lcm: def., properties;





2.2 Mathematical induction, recursive definitions, well-ordering





2.3 Prime factorization: Primes, The Fundamental Th. of Arithmetic; unique factorization; counterexample;





2.4 Congruence: def., properties;
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Math 236 – Review for Test 2





Test 2 will consist in 4 problems and 2 theoretical questions. 


Review the theory for each section, including the proofs for the theorems listed, and homework problems.





3.1&2 Examples of rings


- Def. ring (groups of axioms and meaning); Main examples: Z, Zm and rings of matrices.





3.3 & 3.5: Elementary properties


- Properties of addition: uniqueness of zero and additive inverse (w. proof); cancellation law (w. proof);


- Subtraction and other “easy” properties: x(y-z)=xy-ez; x(-y)=-xy;


- Generalized addition, multiplication and distributivity;


- Characteristic of a ring: def.; ex. Zm; Zn(Zm;


- Properties of multiplication: uniqueness of 1 and inverses (if they exist) (w. proof)


- Repeated multiplication (def. of exponents); properties: “homomorphism property” and “action property”;


- Def. left/right cancellation; zero divisors; Theorem: no zero divisors => cancellation law holds w. proof.





3.4 Subrings and direct sums


- Def. subring; Criterion: subset S, such that - and x are internal operations; examples: 0, R, quaternions;


- Theorem: an intersection of rings is a ring;


- Def. direct sum (operations are defined component-wise);





3.6 Homomorphisms and isomorphisms


- Def. morphism of rings; properties: preserve 0 & opposites; composition of morphisms is “internal”;


- If “onto” => preserve 1 and inverses (w. proof)


- Def. isomorphism; prop.: f iso => f-1 iso; composition of isomorphisms is iso; associated equivalence rel.





3.7 Def. ordered ring; positive/negative elements; associated “less then” relation; compatibility with + & x;





Ch. 7.1 & 7.2: Def. group; elementary properties; How to rephrase “rings” and “fields” using “groups”.





4.1 Fields: Def. field; subfield; examples: Zp; Q,R,C; integral domains (def.; example: polynomials, Z);





4.2 “Completing”/extending an integral domain (from Z to Q= fractions): the field of quotients (def. & Th.)





4.3 & 4.6 Q & R: 


- Q as field of quotients of Z;


- def. lowest upper bound and greates lower bound; complete ordered ring;


- The real number system: complete ordered field (Th. 4.9)


- Archimedean property; existence of nth root;


- Construction of R by “cuts”: def.; operations with cuts +, -, <;


- Theorem The set of cuts is a complete ordered field.





4.4 & 4.5 Complex numbers


- Def. construction of C and Theorem (R->C embedding);


- Complex conjugation: def.; properties (w. proof); 


- Trigonometric form; powers and roots of C-numbers; de Moivre’s Theorem.
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Test 3 will consist in 6 problems: 4 (or 5) homework problems and 2 (or 1) theoretical question(s).


Review the theory for each section, including the proofs for the theorems listed, and homework problems.





Ch.5 Polynomials


5.1 Polynomial rings: 


- Def. polynomials (set, operations & theorem: R[x] is a ring);  degree (def.; Th.: R ID => deg: group hom.)


- Polynomial functions: def., the homomorphism from poly to functions;





5.2 Divisibility


- Def., division algorithm; g.c.d.: def., Euclidean algorithm





5.3 Roots: def. root & multiplicity, Factor Theorem, number of roots Th. & criterion for equality of poly.


- Irreducible polynomials; Unique factorization Theorem for F[x].





5.4, 5.5: Polynomials over Q,R,C


- Q[x]; Rational root Th; Gauus Lemma, Eisenstein’s Irred. Criterion


- C[x]: Fundamental Th. of Algebra; “standard” factorization of complex poly.


- R[x]: complex roots in pairs, irred. poly have deg 1 or 2 ((<0); odd deg. poly have real roots;





5.6 Geometric constructions


- Constructible numbers: def.; theorem: field closed under taking square roots;


- Def. field extensions; quadratic extensions; Lemma deg(p)=3 if root in quadr. ext. => root in F.


- Applications to geometric extensions (what the problems are & reason why they have no solution)





Ch. 6 (6.1, 6.2, 6.3)


- Congruences in F[x]: def. mod p, properties, ring structure (set & operations w. equivalence classes)


- Def. ideals; examples: <p> (principal ideal), ker f (kernel of a homomorphism)


- Def. Quotient ring; ex. congruence classes mod p; projection homomorphism; ex. Z->Zm;


- 1st Isomorphism Theorem for Rings: f:R->S hom. => Im(f)(R/ker f.


- Def. homomorphic ring= f(R).
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See reviews for Tests 1,2,3!





Final Test will consist in 10 problems or questions. One page of notes (one side) is allowed.


Review the theory for each section, including the proofs for the theorems listed.


Review the homework problems.


------------------------------------- 


